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Abstract: A calculation method for the friction coefficient and meshing efficiency of plastic line gear (LG) 

pair under dry friction conditions was studied theoretically and experimentally, taking a polyoxymethylene 

parallel line gear pair (POM PLGP) as an example. Firstly, the geometric and mechanical models of PLGP 

were built by considering the effects of misalignment and loaded deformation under the actual operating 

condition. Then, the friction coefficient of POM specimens was obtained via the ball-on-disk experiment, 

of which the value varies between 0.35 and 0.45 under the experimental conditions. The calculation 

formula for the friction coefficient of POM LG pair was obtained by fitting the friction coefficient of the 

POM specimens, and the meshing efficiency of POM LG pair was calculated based on the calculation 

formula for friction coefficient and the meshing efficiency calculation approach. Finally, the meshing 

efficiency of POM PLGP specimens was measured using a homemade gear meshing efficiency test rig. 

The experimental results validated the feasibility of the proposed calculation method for the friction 

coefficient and meshing efficiency of the plastic LG pair. This study provides a method for the calculation 

of the friction coefficient and meshing efficiency of plastic gear pairs under dry friction conditions. It also 

provides the basis for the wear calculation of plastic LG pair under dry friction conditions. 
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1  Introduction 

The advantages of plastic gears, such as lightweight, 

low noise, self-lubrication, and low cost, have led 

to their wide use in gearing systems applied under 

conditions of dry friction, low rotational speed, and 

light load, such as measuring instruments, food 

machinery, and mobile communication equipment 

[1–4]. The remote control unit (RCU) is the core 

equipment of a base station antenna, which can 

realize the tilt angle adjustment through a gear 

transmission system. Polyoxymethylene (POM) is 

free from electromagnetic interference and has the 

advantages of low hygroscopicity, high strength,  

and good wear resistance [5–7]. Thus, POM gear 

pairs are commonly used in RCU. However, relative 

sliding between meshing surfaces occurs throughout 

the meshing process (except for the pitch point) of 

commonly used POM gear pairs, such as spur gear, 

helical gear, and worm gear pairs, which results in 

low meshing efficiency and restricts the application 

of POM gear pairs under dry friction conditions [3, 

8, 9]. 

Line gear (LG), a novel gear mechanism invented 

based on the space curve meshing theory proposed by 

Chen et al. [10, 11], achieves transmission through 

the continuous point-contact meshing of a pair of 

space conjugate curves called driving and driven  
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Nomenclature 

Subscripts i = 1 and i = 2 represent the parameters of the driving and driven LGs, respectively; 

subscript kj represents the parameters of the meshing point kj of tooth pair j. 

i i i i
o x y z  Coordinate system fixed with 

driving and driven LG 

o xyz , 
f f f f

o x y z  Fixed coordinate system for 

Mf1, Mf2, Lf1, Lf2 Transformation matrix 

ri Contact curve 

i
m , 

i
n   Helix radius and pitch parameter 

of ri 

i
  Tooth surface 

0i
n  Unit normal vector of 

i
  

i
P  Section of tooth profile 

i
R , 

zi
  Radius and modification angle 

of Pi 

i
t , 

i
   Scope parameter of ri and Pi 

i
  Rotation angle 

i
z  Number of teeth 
12

i
 Transmission ratio 

a , b , 
h
 , 

v
  Misalignment of PLGP 

2 lk
  Additional angular displacement 

along the circumferential direction

2 1
( )

kj kj
   Rotation angle of the driven LG 

considering misalignment and 

loaded deformation 

n2 1
( )

k
F  Normal force 

t2 1
( )

k
F  Peripheral force 

r2 1
( )

k
F  Radial force 

a2 1
( )

k
F  Axial force 

1
T , 

2
T  Calculated input and output 

torques 

akj
K   Load distribution coefficient 

among the loaded tooth pairs 

k
α  Pressure angle 

2c 1
( )

k
m  Meshing radius of the driven LG 

1
( )

i k
   Angular velocity 

1
( )

i k
v   Line velocity 

12 1
( )

k
v  Relative sliding velocity 

ixk
R , 

iyk
R  Radii of principal curvatures of 

i


i ke , 
i ke  Principal direction of 

i
  

k
  Angle between 

1 ke  and 
2 ke  

( , )
kj

p g h  Contact pressure distribution 

akj
p  Average contact pressure on tooth 

surfaces 

kj
   Mutual approach 

,
K  g e h f  Influence coefficient 

ns
F  Normal force applied on the POM 

ball and disk specimens 

as
p  Average contact pressure of the POM 

specimens 

s
v   Relative sliding velocity of the 

POM ball and disk specimens 

s
  Friction coefficient of the POM 

specimens 

1
( )

k
   Friction coefficient of the POM LG 

pair 

ins
P  Calculated instantaneous frictional 

power losses 

ins
  Calculated instantaneous meshing 

efficiency 

cal
  Calculated average meshing efficiency

total
P  Measured total power losses 

spin
P , 

load
P  Measured load-independent and 

load-dependent power losses 

bearing
P , 

coupling
P  Power losses of bearings and couplings

mesh
P  Power losses of gear meshing 

mesh
  Measured average meshing efficiency

in
T , 

out
T  Measured input and out torque data

in
 , 

out
  Measured input and output angular 

velocity data 

  
 

contact curves. Relative sliding during the meshing 

process can be eliminated by the innovative design 

of the LG pair, i.e., by selecting the parameters of 

driving and driven contact curves the sliding rates 

of the LG pair can be made equal to zero [12]. For 

example, when a cylindrical helix is selected as the 

driving contact curve of a parallel LG pair (PLGP), 

the sliding rates can be equal to zero throughout 

the meshing process [13]. This indicates that high 

meshing efficiency can be achieved even under 
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dry friction conditions. Therefore, PLGP is a good 

choice for gearing applications under dry friction 

conditions. However, misalignment and loaded 

deformation under the actual operating condition 

could change the actual meshing positions of the 

LG pair. This leads to relative sliding between the 

meshing surfaces, which influences the meshing 

efficiency. Thus, it is necessary to study the meshing 

efficiency of LG pairs under the actual operating 

condition. 

Frictional loss caused by relative sliding between 

meshing surfaces is the main reason for low 

meshing efficiency under dry friction conditions. 

It is a function of load, relative sliding velocity, 

and friction coefficient of the gear pair [9, 14, 15]. 

Thus, determining the friction coefficient of the 

gear pair is the key to studying the meshing 

efficiency. Larson and Timpe [16], Ziemianski and 

Capanidis [17], and Ginzburg et al. [18] measured 

the friction coefficient of POM against steel under 

various loads, relative sliding velocities, and 

lubrication conditions, however, they did not 

derive any calculation formulas for the friction 

coefficient. Xiong et al. [19] conducted a pin-on- 

disk experiment and obtained a calculation formula 

for the friction coefficient of POM under dry 

friction conditions. However, the formula is not 

associated with the operating conditions of any 

gear pair. Besides, the face-contact model of the 

pin and disk specimens is completely different 

from the point-contact model of the LG pair. Thus, 

the formula based on the pin-on-disk experiment 

is unsuitable to be used to calculate the friction 

coefficient of the LG pair. Miler et al. [20] proposed a 

calculation formula for the friction coefficient of the 

POM spur gear pair. However, this formula is only 

valid for POM spur gear with polytetrafluoroethylene 

(PTFE) lubricant and had not been validated by 

the gear transmission experiment. In short, we 

have not found any calculation methods or formulas 

for the friction coefficient of plastic gear pairs 

under dry friction conditions. 

There are three existing methods to determine the 

friction coefficient of the gear pair. The first method 

assumes a constant friction coefficient throughout 

the meshing process [21, 22]. However, the friction 

coefficient varies with changes in operating conditions. 

The second method determines the friction coefficient 

using the models based on friction mechanism and 

lubrication theory. Xu and Kahraman [14, 15] 

proposed an effective method for calculating the 

friction coefficient based on the elastohydrodynamic 

lubrication (EHL) model when studying the meshing 

efficiency of steel spur and helical gear pairs. The 

third method determines the friction coefficient by 

the empirical formulas based on the measured 

friction coefficient data of the materials of the gear 

pair. Marjanovic et al. [23] measured the friction 

coefficient of steel specimens and established a 

calculation formula for the friction coefficient of 

steel spur gear pairs under oil lubrication. For the 

third method, a certain number of friction coefficient 

tests are needed, and the types and conditions of 

the tests can be selected according to the types, 

materials, and operating conditions of the gear 

pairs. Thus, the third method can be applied to 

determine the friction coefficient of plastic gear 

pairs under dry friction conditions. 

In this paper, the friction coefficients of POM 

specimens were measured through the ball-on- 

disk experiment by considering the point-contact 

model of the LG pair, and the calculation formula 

for the friction coefficient of the POM LG pair is 

obtained. On this basis, the calculation formula for 

the meshing efficiency of the POM LG pair was 

derived. The feasibility of the calculation formulas 

for the friction coefficient and meshing efficiency 

of the POM LG pair was then validated by comparing 

the calculated and measured meshing efficiency 

values of the POM LG pair specimens.  

2  Geometric and mechanical models of 

PLGP 

Meshing efficiency is a function of load, relative 

sliding velocity, and friction coefficient. The friction 

coefficient is influenced by the contact pressure 

and relative sliding velocity. In this section, the 

normal force, contact pressure, and relative sliding 

velocity are deduced based on the geometric and 

mechanical models of PLGP under the actual 

operating condition. 
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2.1  Geometric model of PLGP considering misa-

lignment under the actual operating condition 

As shown in Fig. 1, o xyz  and 
f f f f

o x y z  are 

fixed coordinate systems for the driving and driven 

LGs, respectively. Coordinate systems 
1 1 1 1

o x y z  

and 
2 2 2 2

o x y z  are fixed with the driving and driven 

LGs, respectively. Axis 
1

z  ( z ) and 
2

z  (
f

z ) with a 

distance of a  coincide with the rotation axes of 

the driving and driven LGs, respectively. If the 

driving contact curve 
1

r  is a right-hand cylindrical 

helix, then the driven contact curve 
2

r  is a left- 

hand one according to the space curve meshing 

theory [10, 11]. In the normal plane of an arbitrary 

point on 
i

r , an arc 
i

P  is chosen as the generatrix 

and made to sweep along 
i

r . The tooth surface 
i

  

is formed, where the subscripts i  equal to 1 or 2, 

representing the parameters of the driving and 

driven LGs, respectively. 
1

r  and 
2

r  in 
1 1 1 1

o x y z  

and 
2 2 2 2

o x y z  are expressed as Eqs. (1) and (2), 

and 
1

  and 
2

  are expressed as Eqs. (3) and (4), 

respectively. 

  s e

m

m

n

 
   
  

1 1

(1)

1 1 1 1 1 1 1

1 1

cos( )

( ) sin( )   

( π)

t

t t t t t

t

≤ ≤r   (1) 

 s e
2 2

(2) 1 1
2 2 2 2 2

12 12
2 2

cos( )

( ) sin( )   

t
t t

t t t
i i

t

 
     
  

 

≤ ≤r

m

m

n
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2 2

1 1 1 1 1 1 z1 z1 1 1 1 1 z1 z1

2 2

1 1

2 2

1 1 1 1 1 1 z1 z1 1 1 1 1 z1 z1(1)

1 1 1
2 2

1 1

1 1
1 1

cos( ){ [cos( ) sin( )]} sin( )[sin( ) cos( )]

sin( ){ [cos( ) sin( )]} cos( )[sin( ) cos( )]
( , )

[sin(
( π)

t R R t

n

t R R t
t

n

R
t



+m n

 

 
 
 
 
 
 
 
 

  
 
 
 

z1 z1

2 2

1 1

) cos( )]

 (3) 

 

+

+

+

+

2 2

2 2 2 2 2 2 z2 z2 2 2 2 2 z2 z2

2 2

1 1

2 2

2 2 2 2 2 2 z2 z2 2 2 2 2 z2 z2(2)

2 2 2
2 2

2 2

2 2 2 z
2 2

cos( ){ [cos( ) sin( )]} sin( )[sin( ) cos( )]

sin( ){ [cos( ) sin( )]} cos( )[sin( ) cos( )]
( , )

[sin(

t R R t

t R R t
t

R
t

     

     


 

     

     





m n m n

m n

m n m n

m n

m
n



+

2 z2

2 2

2 2

) cos( )]

 
 
 
 
 
 
 
 

 
 
 
 

m n

 (4) 

where 
i

m  is the helix radius of 
i

r , m1 > 0, and m2 > 

0; 
i

n  the screw parameter of 
i

r , n1 > 0, and n2 < 0. 

i12 is the transmission ratio, and m m
2 12 1

= i , n2 = 

‒i12n1. ti is the parameter indicating the scope of 
i

r . 

Driving and driven contact curves begin to mesh 

when ti equals to tis, and begin to separate when ti 

equals to 
ei

t . 
i

  is the parameter indicating the 

scope of 
i

P . 
i

R  is the radius of 
i

P . 
zi
  is the 

modification angle of the tooth profile. 

Misalignments under the actual operating condition 

may change the actual meshing positions of the 

LG pair, which may influence the normal force, 

contact pressure, and relative sliding velocity, 

followed by the friction coefficient and meshing 

efficiency. As shown in Fig. 2, misalignments of 

the PLGP are classified as follows: center distance 

deviation, i.e., an extra displacement a  in the  
 

 
 

Fig. 1  Geometric model of PLGP. 
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Fig. 2  Misalignments of PLGP. 

direction of axis 
f

x ; axial deviation, i.e., an extra 

displacement b  in the direction of 
f

z ; and parallel 

deviation of the axes, i.e., the angle 
h
  between 

the projections of the axis 
1

z  and 
2

z  in the plane 

f f f
y o z , and the angle 

v
  between the projections 

of the axis 
1

z  and 
2

z  in the plane 
f f f

x o z . The 

values of a , b , 
h
 , and 

v
  shown in Fig. 2 

are all positive. 

Transformation matrix 
f1

M  from 
1 1 1 1

o x y z  to 

f f f f
o x y z , and 

f 2
M  from 

2 2 2 2
o x y z  to 

f f f f
o x y z  

are presented as Eqs. (5) and (6), respectively. 

v 1 v 1 v

h v 1 h 1 h v 1 h 1 h v
f1

h v 1 h 1 h v 1 h

cos( )cos( ) cos( )sin( ) sin( )

sin( )sin( )cos( ) cos( )sin( ) sin( )sin( )sin( ) cos( )cos( ) sin( )cos( ) 0
=

cos( )sin( )cos( ) sin( )sin( ) cos( )sin( )sin( ) sin( )co

a a     
           
        


  

   
M

1 h v
s( ) cos( )cos( )

0 0 0 1

b   

 
 
 
 
  
 

(5) 

 

2 2

2 2
f 2

cos( ) sin( ) 0 0

sin( ) cos( ) 0 0

0 0 1 0

0 0 0 1

 
 

  
 
   
  
 

M   (6) 

where 
1

  and 
2

  are the rotation angles of the 

driving and driven LGs, respectively. 

The tooth surface expressions and tooth surface 

normal vector expressions in of ‒ xfyfzf are presented 

as Eqs. (7) and (8); 
f1

L  and 
f2

L  are the third-order 

submatrices of 
f1

M  and 
f 2

M , respectively. The 

direction from the tooth entity to the outside of the 

tooth is the positive direction of 
10

n , and the 

direction from the outside of the tooth to the tooth 

entity is the positive direction of 
20

n . 

 
(f ) (1)

1 1 1 1 f1 1 1 1 1

(f ) (2)

2 2 2 2 f 2 2 2 2 2

( , , ) ( ) ( , )

( , , ) ( ) ( , )

t t

t t

   
   

  


 

M

M

 

 
  (7) 

 
(f ) (1)

10 1 1 1 f1 1 10 1 1

(f ) (2)

20 2 2 2 f 2 2 20 2 2

( , , ) ( ) ( , )

( , , ) ( ) ( , )

t t

t t

   
   

  


 

n L n

n L n
  (8) 

The condition of continuous tangential contact 

between the tooth surfaces at the meshing points is 

presented by Eq. (9) [24]. 

 
(f ) (f )

1 1 1 1 2 2 2 2

(f ) (f )

10 1 1 1 20 2 2 2

( , , ) ( , , )

( , , ) ( , , )

t t

t t

   
   

 


n n

 
  (9) 

A meshing period from meshing start to meshing 

end of tooth pair j is divided evenly into K meshing 

positions, and the rotation angle of the driving LG 

is given as 
1kj

 = 1,...,( ).k K  By substituting
1kj

 into 

Eq. (9), the other five unknown parameters 
1 1

( ),
kj kj

t   

2 1 1 1 2 1
( ), ( ), ( ),

kj kj kj kj kj kj
t       and

2 1
( )

kj kj
  are calculated. 

The coordinates of the meshing point kj on 
1

  

and 
2

  are 
1 1 1 1 1

( ( ), ( ), )
kj kj kj kj kj

t  θ φ  and 
2 1

( ( ),
kj kj

t   

2 1 2 1
( ), ( ))

kj kj kj kj
 θ φ , respectively. 

2.2  Normal force and contact pressure on the 

tooth surfaces 

In this section, the normal force on the tooth 

surfaces is deduced first, followed by the contact 

pressure on the tooth surfaces according to the 

radii of principal curvatures and the angle between 

the principal directions at the meshing points. 

2.2.1  Normal force on the tooth surfaces 

Taking the driven LG, the normal force n2 1
( )

kj
F  

is applied perpendicularly on the tooth surface 
2

  

at the meshing point kj  of the tooth pair j , as 

shown in Fig. 3. n2 1
( )

kj
F  is divided into the 

peripheral force t 2 1
( )

kj
F , radial force r2 1

( )
kj

F , 

and axial force a 2 1
( )

kj
F . The contact ratio of an 

LG pair is usually greater than 1, i.e., the number 

of tooth pairs meshing simultaneously is at least 

one during the meshing process. Thus, the total 

torque on the driven LG is the sum of torques on 

the tooth pairs meshing simultaneously: 

 t c2 1 2 1 2
1

( ) ( )
J

kj kj
j

F T 


  m  (10) 
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Fig. 3  Forces applied at the point kj of the tooth pair j of the 
driven LG. 

 
where J is the number of the tooth pairs meshing 

simultaneously; 
t2 1

( )
kj

F   is the magnitude of
t2 1

( )
kj

F  

at the point kj  of tooth pair j; 
2c 1

( )
kj

m  is the 

meshing radius at the point kj of tooth pair j of the 

driven LG; and 
2

T  is the output torque.  

The load distribution coefficient among the 

loaded tooth pairs Kakj is introduced to simplify the 

calculation of the normal force, where Kakj is equal 

to 1 in the case of single-tooth meshing, 0.5 in the 

case of double-tooth meshing, and so on. Then, the 

magnitude of 
n2 1

( )
kj

F  is presented as Eq. (11). 

 
a 2

n2 1

2c 1

( )
( ) cos

kj

kj

kj kj

K T
F 




m α
 (11) 

where 
n2 1

( )
kj

F   is the magnitude of 
n2 1

( )
kj

F  at 

the point kj of tooth pair j; 
kj
α  is the pressure 

angle at the point kj  of tooth pair j , i.e., the angle 

between n2 1
( )

kj
F  and the line velocity 

2 1
( )

kj
v  of 

the driven LG, and (
n2 1 2 1

cos ( ) ( )) /
kj kj kj

  α F v  

n2 1 2 1
( ( ) ( ) )

kj kj
 F v . 

2.2.2  Contact pressure on the tooth surfaces 

Large contact pressure may occur at the meshing 

points due to the point-contact model of the LG 

pair. Contact deformation is the main type of 

loaded deformation. Meshing surfaces of tooth 

pair j  are regarded as two elastic bodies that are 

initially in contact at the meshing point kj , as 

indicated by the solid curves in Fig. 4. When the  

  
Fig. 4  Contact between the tooth surfaces at the point kj . 

 

tooth pair is loaded, two opposing points SO
1
 and 

SO
2

, on the tooth surfaces 
1

  and 
2

 , with an 

initial separation of 
kj

z , are brought into contact, 

as indicated by the dashed curves in Fig. 4. 

Meanwhile, two opposing points IO
1

 and IO
2

, 

inside the teeth, approach point kj  with distances 

of 
1kj
  and 

2kj
 , respectively. 

The influence coefficient method is an efficient 

method to solve for the contact pressure and 

deformation [25]. A calculation domain containing 

the actual contact region is discretized into NxNy 

elements denoted as (g, h) ( 1,2,..., ,  1,2,...,
x

N g h  

.)
y

N Equation (12) is satisfied within the calculation 

domain. 

 

n2 1
1 1

( , ) ( )

,  ( , ) 0

,  ( , ) 0

yx
NN

kj kj

kj kj kj kj

kj kj kj kj

p x y F

u z p

u z p







 


  


   
   


g h

g h

g h

g h

  (12) 

where ( , )
kj

p g h  is the contact pressure on the 

element (g, h); x y   is the area of a single element; 

1 2kj kj kj
u u u   is the normal displacement of the 

tooth surfaces; 
1 2kj kj kj

     is the mutual approach 

of the teeth; and 2 2

kj
z Ax By  represents the initial 

separation between the tooth surfaces, where A 

and B are obtained from Eq. (13) [26]. 

 
1 1 2 2

2 2

1 1 2 2 1 1 2 2

1 1 1 1 1
( )

2

1 1 1 1 1 1 1 1 1
( ) ( ) 2( )( )cos 2

2

xkj ykj xkj ykj

kj

xkj ykj xkj ykj xkj ykj xkj ykj

A B
R R R R

B A
R R R R R R R R




    



        


 (13) 

where 
1xkj

R  and 
1ykj

R  are the radii of principal 

curvatures at the point kj  on the tooth surface 
1
.  

2xkj
R  and 

2ykj
R  are those on the tooth surface 

2
.  

kj
 is the angle between the principal directions 

1 kje  
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and e2Iki corresponding to 
1xkj

R  and 
2

,
xkj

R respectively. 

According to the influence coefficient method, 

the total deformation of the element (g, h) is shown 

as Eq. (14), which is a superposition of deformation 

caused by contact pressure within the whole contact 

region. 

   ,
1 1

, ( , )
yx

NN

kj kj
u K p 

 

  g e h f
g h

g h e f  (14) 

where 
,

K  g e h f  is the influence coefficient of the 

deformation of element (g, h) caused by contact 

pressure pkj(e, f) on the element (e, f). For additional 

information on the influence coefficient, please 

refers to Ref. [27]. 

Contact pressure ( , )
kj

p g h  and mutual approach 

kj
  are solved through the method described above. 

In addition, the average contact pressure pakj on the 

tooth surfaces can be obtained and used to calculate 

the friction coefficient. 

2.3  Relative sliding velocity between the tooth 

surfaces 

Relative sliding velocity is determined by the 

misalignment and loaded deformation under the 

actual operating condition. The rotation angle 
2 1

( )
kj kj

   

of the driven LG considering misalignment can be 

obtained from Eq. (9). The mutual approach 
kj

  can 

cause an additional angular displacement l2 1
( )

kj kj
    

c2 1
cos ( )

kj kj kj
   m along the circumferential direction 

of the driven LG, assuming that the driving LG is 

fixed. Then, the rotation angle of the driven LG changes 

as l2 1 2 1 2 1
( ) ( ) ( )

kj kj kj kj kj kj
         . The transmission 

ratio at the meshing point kj  is expressed as 

   
12 1 1 2 1

( ) d d ( )
kj kj kj kj

i . If the angular velocity of 

the driving LG in 
1 1 1 1

o x y z  is given as (1)

1
  

1
{0,0, }  then the angular velocity of the driven 

LG in 
2 2 2 2

o x y z  is expressed as (2)

2 1
{0,0, /   

12 1
( .)}

kj
i  The expressions of 

1
  and 

2
  in 

f
o   

f f f
x y z  are presented as Eq. (15). 

 
2

(f ) (1)

1 f1 1

(f ) (2)

2 f 2

  


 

L

L

 
 

  (15) 

where Lf1 and Lf2 are the transmission matrices. 

As shown in Fig. 1, the vectors from the point o1 

to the point kj and from the point o2 to the point kj, 

are presented as Eq. (16). 

 
 (f ) (f )
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(16) 

Therefore, the relative sliding velocity between 

the tooth surfaces at the point kj  is presented as 

Eq. (17). 

 (f ) (f ) (f ) (f ) (f )

12 1 1 1 1 2 2 1
( ) ( ) ( )

kj kj kj
     v R R    (17) 

3  Testing and fitting formula for the 

friction coefficient of POM LG pair 

In this section, a friction experiment is conducted 

to determine the friction coefficient of the POM LG 

pair under dry friction conditions. POM specimens 

in the shape of the ball and disk are prepared for 

the friction experiment to simulate the point-contact 

model of the LG pair. Several normal loads and 

relative sliding velocity levels are set according to 

the operating conditions of the plastic LG pair. The 

calculation formula for the friction coefficient of 

the POM LG pair under dry friction conditions is 

obtained by the measured friction coefficient data 

of the POM specimens. 

3.1  Preparation of specimens and experimental 

setup 

Several types of friction experiments, including 

ball-on-disk, ring-on-block, twin-disk, and pin-on- 

disk experiments [20, 28–30], can be conducted to 

determine the friction coefficient for different contact 

models under dry friction conditions. The ball-on- 

disk experiment can simulate the point-contact model 

of the LG pair. Thus, the ball-on-disk experiment 

was conducted to determine the friction coefficient 

of the POM specimens in this study. POM specimens 

in the shape of a ball and disk are shown in Fig. 5. 

The diameter of the POM ball specimen is 9.5 mm, 

and that of the POM disk specimen is 46 mm. All 

the specimens were cleaned with alcohol before the 

friction experiment.  

The Universal Mechanical Tester (UMT Tribolab) 

was used in the ball-on-disk test, as shown in Fig. 6(a). 

It consists of a rotation motor, linear motor, 

fixtures of the specimens, load cell, normal load 
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Fig. 5  POM ball and disk specimens. 

 

 

  
Fig. 6  UMT Tribolab and schematic diagram of the ball-on- 
disk experiment: (a) UMT Tribolab and (b) schematic diagram 
of the ball-on-disk experiment. 

 

sensor, and frictional moment sensor. The schematic 

diagram of the ball-on-disk experiment is shown 

in Fig. 6(b). The POM ball specimen is fixed at the 

end of the fixture and the POM disk specimen 

below the ball specimen is connected to the rotation 

motor and rotates around its axis at a constant 

speed. The relationship between the rotational 

speed sn  of the rotation motor and the relative 

sliding velocity sv  of the POM specimens is as 

s s s= π 30rv n , where sr  is the rotation radius 

adjusted by the linear motor. The load cell provides 

a constant normal load nsF  for the POM specimens. 

The normal load sensor measures the real-time 

normal load. The frictional moment sensor measures 

the real-time frictional moment 
fs

T
 

and transforms 

fs
T  into the frictional force 

fs
F . Then, the real-time 

friction coefficient of the POM specimens is 

obtained according to s fs ns
= F F . 

3.2  Experimental approach 

External environmental factors, such as temperature 

and humidity, were not considered in this study. 

Thus, the main factors affecting the friction coefficient 

are the load and relative sliding velocity [19]. The 

normal load and relative sliding velocity were selected 

as two variables in the ball-on-disk experiment. The 

ranges of these two factors were determined according 

to the operating conditions of plastic LG pairs. 

Contact pressure may be large at the meshing 

points owing to the point-contact model of the LG 

pair. The upper limit of the maximum contact pressure 

of the POM specimens is set at approximately 80 

MPa according to the compression strength of POM, 

i.e., the maximum average contact pressure is 

approximately 50 MPa. The maximum normal load 

is set at approximately 25 N according to the 

dimensions of the POM specimens. The relative 

sliding velocity between the tooth surfaces is 

influenced by the design parameters, misalignment, 

and loaded deformation of the LG pair. As the 

sliding rates of PLGP are equal to zero under ideal 

conditions, and the rotational speeds and loads of 

plastic gear pair are small, the relative sliding 

velocity of the plastic LG pair should be relatively 

low, despite the misalignment and loaded deformation. 

The maximum relative sliding velocity was set as 2 

mm/s. When sr  was set as 2 mm, the maximum 

rotational speed was approximately 9.55 rpm.  

The normal load levels were selected as 
ns

F = 

1.25, 2.5, 5, 7.5, 10, 12.5, 15, 17.5, 20, and 22.5 N. 

The rotational speeds were selected as 
s

n = 2.39, 

4.77, 9.55 rpm. Then the experiment is conducted 

under the conditions of dry friction, room temperature, 

and atmospheric humidity. All the tests were 

conducted for over 1 h to ensure that a stable 

friction coefficient can be obtained; each test was 

repeated three times. 

3.3  Experimental results and calculation formula 

for the friction coefficient 

As shown in Fig. 7, when the normal load is  
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Fig. 7  Friction coefficient of the POM specimens. 

 

1.25–22.5 N, and the rotational speed is 2.39–9.55 

rpm, i.e., when the average contact pressure is 

approximately 20–50 MPa, and the relative sliding 

velocity is 0.5–2 mm/s, the measured friction coefficient 

s
  of the POM specimens varies between 0.35 and 

0.45. The maximum 
s

  was measured under a 

normal load of 5 N at a rotational speed of 2.39 rpm. 

The minimum 
s

  was measured under a normal 

load of 22.5 N at a rotational speed of 9.55 rpm. 

Under the studied loading conditions, 
s

  first 

increased and then decreased with increasing 

normal load. Specifically, 
s

  increases when the 

normal load is 1.25–5 N and decreases when the 

normal load is 5–22.5 N. Under the studied relative 

sliding velocity conditions, 
s

  decreases with 

increasing relative sliding velocity.  

The friction coefficient of POM against steel 

varies from approximately 0.2 to 0.4 when the 

contact pressure is 5–15 MPa, and the relative 

sliding velocity is 50–900 mm/s [19]. The friction 

coefficient of POM against POM using PTFE lubricant 

varies from approximately 0.03 to 0.7 when the 

load is 15–450 N, and the relative sliding velocity 

is 50–2,700 mm/s [20]. In short, the friction coefficient 

of POM is influenced by the operating conditions, 

such as load, relative sliding velocity, and lubrication 

conditions. 

An approximate functional relation between the 

friction coefficient and the average contact pressure 

and relative sliding velocity of the POM specimens 

was obtained by fitting the measured friction 

coefficient data. First, the average contact pressure 

as
p  and relative sliding velocity 

s
v  were calculated 

according to the normal load 
ns

F  and rotational 

speed 
s

n , respectively. Then, some empirical formulas 

were used to fit the measured friction coefficient 

data. The forms of these empirical formulas are 

shown as Eq. (18): 

p p v p v p

p v v p v

          

         

3 2 2 2

s 30 as 21 as s 12 as s 20 as

2

11 as s 02 s 10 as 01 s 00

a a a a

a a a a a
 (18a) 

as s

s

a bc e e d     p v  (18b) 

 as
s

s

a

b
c d   

p

v
  (18c) 

where 
as

p  (MPa) and 
s

v  (mm/s) are the average 

contact pressure and relative sliding velocity of 

the POM specimens, respectively. 

The measured friction coefficient data were 

fitted using the MATLAB curving fitting tool, and 

the fitting formulas were obtained as Eq. (19): 

p p v

p v p

p v v

p v

       

     

     
      

3 2
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2 2
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2
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(0.0001391) ( 0.001175)
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(0.04439) ( 0.06297) ( 0.05588)

 

(19a) 

 as s0.07626 0.6726

s
( 0.0003745) 0.4303e e      p v  (19b) 

 
3.508

8 as
s 0.6193

s

3.406 10 ) 0.4230 


    
p

v
 (19c) 

Goodness-of-fit was evaluated by the coefficient 

of determination and root-mean-squared error. As 

shown in Table 1, Eq. (19a) has the largest coefficient 

of determination and the smallest root-mean-squared 

error, i.e., Eq. (19a) is the most appropriate to 

describe the measured friction coefficient data. As 

shown in Fig. 8, the measured friction coefficient 

data are indicated by the dot-dash curves, and the 

calculated friction coefficient data by Eq. (19a) are 

indicated by the solid curves. It can be seen that 

the calculated result shows good agreement with 

the measured result. 
 

Table 1  Coefficients of determination and root-mean-squared 
errors of the fitting formulas. 

Fitting 
formula 

coefficient of 
determination 

Root-mean- 
squared error 

Eq. (19a) 0.919 0.008 

Eq. (19b) 0.586 0.016 

Eq. (19c) 0.553 0.017 
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Fig. 8  Comparison between calculated and measured friction 
coefficient data. 

 
By replacing 

as
p  and 

s
v  in Eq. (19a) with the 

average contact pressure 
akj

p  and relative sliding 

velocity 
12 1

( )
kj

v  of the LG pair, respectively, the 

calculation formula for the friction coefficient of 

POM LG pair under dry friction conditions is 

obtained as Eq. (20): 

p

p

p

p p

p
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(20) 

where 
akj

p  (MPa) and 
12 1

( )
kj

v  (mm/s) are the 

average contact pressure and relative sliding 

velocity at the point kj , respectively. 

It should be noted that Eq. (20) can be applied to 

calculate the friction coefficient of the POM LG 

pair under dry friction conditions within the 

operating conditions in this study. However, the 

extrapolation of Eq. (20) to its application is not 

recommended as this is beyond the scope of the 

operating conditions. 

4  Meshing efficiency of POM LG pair 

Taking POM PLGP as an example, the meshing 

efficiency of the plastic LG pair was studied by 

comparing the calculated and experimental results 

of the POM PLGP specimens. 

4.1  Calculation method and formula for meshing 

efficiency 

The calculation method for the meshing efficiency 

of the LG pair is shown as the flowchart in Fig. 9. 

A meshing period of tooth pair j  was divided 

evenly into K  meshing positions, i.e., the range 

of rotation angle 
1 j

  was discretized evenly as 

11 j
 ,…, 

1kj
 ,…, 

1Kj
 . Then, by giving the design 

parameters, input rotational speed, and output 

torque of the LG pair, the normal force 
n2 1

( )
kj

F  , 

average contact pressure 
akj

p , and relative sliding 

velocity 
12 1

( )
kj

v  at the meshing point kj  of the 

tooth pair j were obtained. The friction coefficient 

1
( )

kj
   was calculated by substituting 

akj
p  and 

12 1
( )

kj
v  into Eq. (20). Assuming that there are J 

pairs of tooth meshing simultaneously, the expression 

of instantaneous frictional power losses 
ins

P  of 

the LG pair is presented as Eq. (21): 

 
ins 1 n2 1 12 1

1

( ) ( ) ( )
J

kj kj kj
j

P F v   


    (21) 

The instantaneous meshing efficiency 
ins

  of 

the LG pair is presented as Eq. (22): 

 ins
ins

2 2 ins

1
P

T P



 

 
 (22) 

Assuming that the meshing process of each tooth 

pair is identical, the average meshing efficiency was 

obtained by superimposing the instantaneous meshing 

efficiency for all discrete meshing positions and 

then calculating the average value for a meshing 

period of tooth pair j . The calculation formula for 

the average meshing efficiency 
cal

  of the LG pair 

is presented as Eq. (23): 

 
cal ins

1

1 K

kK
 



    (23) 

4.2  Calculation examples and results 

The parameters of the POM PLGP specimens are 

listed in Table 2. Computer numerical control 

(CNC) form milling of LG [31] is a commonly used 

manufacturing method that was adopted to manu-

facture the POM PLGP specimens, as shown in Fig. 10. 

The test results of misalignment as well as the 

input speeds and output torques of the POM PLGP 

specimens are summarized in Table 3. 

For a meshing period from meshing start to 

meshing end of a tooth pair, the range of 
1 j

  is 

[0,π/2], which is evenly discretized as  
1kj
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Fig. 9  Flowchart of meshing efficiency calculation method. 

 

   

 
 

Fig. 10  POM PLGP specimens: (a) Driving LG (pinion), (b) 
Driven LG (gear), and (c) POM PLGP in a gearbox. 

 

( 1)π 18k k ( 1,...,10). Then
n2 1

( )
kj

F  ,
akj

p , 
12 1

( )
kj

v , 

1
( )

kj
  , and 

cal
  of the POM LG specimens were 

calculated according to the method described above. 
 

Table 2  Parameters of POM PLGP. 

Parameters of POM PLGP Driving LG Driven LG 

(mi, ni) (mm) (10, 20) (30, –60) 

Ri (mm) 4 4 

zi (rad) π/6 5π/6 

Tooth number, zi 6 18 

(tsi, tei) (–π，–π/2) (0，–π/6) 

i12 3 

Contact ratio 1.5 

Young’s modulus (MPa) 2750 

Poisson’s ratio 0.37 

Table 3  Misalignments and operating conditions of POM 
PLGP. 

Misalignments of POM PLGP 

a (mm) –0.0200 

b (mm) 0.0000 

h (rad) –0.0001 

v (rad) 0.0001 

Input angular velocity 1 (rad·s‒1) 26.18, 31.42, 36.65 

(Input rotational speed n1 (rpm)) (250, 300, 350) 

Output torques T2 (N·mm) 100, 200, 300, 400, 500 

 

The friction coefficient 
1

( )
kj

   varied with the 

load and relative sliding velocity at different 

meshing positions during the meshing process. As 

shown in Fig. 11,  
1

[π 6 ,  π 3]
j

 is the case of 

single-tooth meshing and 
1

[0,  π 6]
j

   and  
1 j

 

[π 3 ,  π 2]  are the cases of double-tooth meshing. 

1
( )

kj
   keeps constant in both the cases of single- 

tooth and double-tooth meshing.  

As shown in Fig. 11(a), when the output torque 

2
T  is 300 N·mm, 

1
( )

kj
   decreased with increasing 

input rotational speed, and the calculated results 

under other output torques are similar. As shown 

in Fig. 11(b), when the input rotational speed 
1

n  

is 300 rpm, 
1

( )
kj

   first increased with increasing 

output torque when the output torque 
2

T  is 

100–300 N·mm, and then it slightly increased to 

the peak value 0.45 when 
2

T  is 300–500 N·mm. 

After T2 
reaches 600 N·mm, 

1
( )

kj
   began to decrease 

slightly. The calculated results under other input 

rotational speeds are similar. 
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Fig. 11  Friction coefficient during the meshing process: (a) 
T2 = 300 N·mm and (b) n1 = 300 rpm. 

 

As shown in Fig. 12, the calculated meshing 

efficiency 
cal

  under the same 
2

T  increased slightly 

with increasing 
1

n
 
when 

1
n  is 250–350 rpm. 

cal
  

under the same 
1

n  first decreased and then increased 

with increasing 
2

T  when 
2

T  is 100–600 N·mm. 

cal
  varied with the output torque and input 

rotational speed similar to the variation of friction 

coefficient. As the meshing efficiency under a certain 

operating condition is influenced by the load, rotational 

speed, and friction coefficient, fluctuations of the 

calculated results are inevitable, but since the frictional 

losses are small under the operating conditions, the 

fluctuation is very slight, and the average calculated 

meshing efficiency is around 99.88%. 

4.3  Meshing efficiency experiment 

4.3.1  Experimental setup and conditions 

A homemade gear meshing efficiency test rig was 

developed to measure the meshing efficiency of 

the POM PLGP specimens. As shown in Fig. 13, 

the test rig consists of gearbox 1, rotational speed, 

and torque sensors 2 and 6, servo motor 3, powder 

brake 4, and flexible couplings 5. Servo motor 3 

provides sufficient input torque and constant input 

rotational speed for gearbox 1. The powder brake 

4 applies constant output torque onto gearbox 1. 

The rotational speed and torque sensor 2 located 

between gearbox 1 and servo motor 3 collects the  

  
Fig. 12  Calculated results of average meshing efficiency. 
 

real-time input rotational speed and torque data of 

gearbox 1. The rotational speed and torque sensor 

6 located between gearbox 1 and powder brake 4 

collects the real-time output rotational speed and 

torque data of gearbox 1. 

Input rotational speed levels are set as 250, 300, 

and 350 rpm. Under each input rotational speed 

condition, the output torque applied by powder 

brake 4 increased gradually from 0 to approximately 

600 N·mm. 

4.3.2  Experimental results and analysis 

The total power losses of the gearbox are expressed 

as Eq. (24): 

 
total in in out out load spin

P T T P P         (24) 

where 
in

T  and 
out

T  are the measured input and output 

torques; and 
in

  and 
out

  are the measured input 

and output angular velocities, respectively.  

Total power losses 
total

P  consist of the load- 

dependent power losses 
load

P  and load-independent 

power losses 
spin

P . 
spin

P  was measured under the 

non-loading condition, and the measured results 

 

  
Fig. 13  Line gear meshing efficiency test rig. 



1432 Friction 9(6): 1420–1435 (2021) 

 | https://mc03.manuscriptcentral.com/friction 

 

under the loading condition are the sum of 
load

P  

and 
spin

P . Thus, after conducting the meshing 

efficiency experiment under both the non-loading 

and loading conditions, 
load

P  was obtained as 

load total spin
P P P  . 

load
P  consists of various power 

losses from the POM PLGP specimens, rolling 

bearings, and flexible couplings. Power losses of 

the rolling bearings were calculated according to 

the product manual and the transmission efficiency 

of the flexible couplings was approximately 99.5%. 

The measured power losses from the POM PLGP 

specimens is calculated by Eq. (25): 

 
mesh load bearing coupling

in in out out spin bearing coupling

P P P P

T T P P P 

  

      
 
(25)

 

Then the measured meshing efficiency of the 

POM PLGP specimens is calculated by Eq. (26): 

 mesh
mesh

out out mesh

1
P

T P



 

 
 (26) 

The calculated and measured meshing efficiency 

under different input rotational speed conditions 

are shown in Figs. 14(a)–14(c) respectively. Measured 

meshing efficiency is indicated by the dashed curves 

and the calculated meshing efficiency is indicated 

by the solid curves. Under all set rotational speed 

and loading conditions, the measured meshing 

efficiency values ranged between 99.5% and 100% 

and correspond with the calculated meshing efficiency 

values with maximal deviation of less than 1%. 

This confirms the validity of the proposed calculation 

method for the friction coefficient and meshing 

efficiency of plastic LG pair under dry friction 

conditions. The fluctuation of the measured results 

and the deviations between measured and calculated 

results were attributed to the errors in data collection 

and processing, manufacturing errors of the POM  

PLGP specimens, and rolling friction power losses, 

which were neglected in the calculation procedure. 

5  Discussion 

Metal gears cannot be used in some practical situations. 

For example, since the electromagnetic interference 

caused by metallic materials can deteriorate the 

communication quality, plastic gear pairs must be 

utilized in the RCU transmission system to adjust 

the tilt angle of the base station antenna instead of 

metal gear pairs. POM has the advantages of high 

strength, low hygroscopicity, good wear resistance, 

and is capable of adapting to complicated outdoor 

operating conditions. Therefore, POM gear pairs 

are commonly used in the current RCU transmission 

system.  

Temperature is regarded as an important factor 

influencing the meshing efficiency of the POM 

gear pair. Frictional and hysteresis losses during 

the meshing process are the two sources causing 

temperature rise of the POM gear pair without 

considering of impact of ambient temperature, and 

temperature rise mainly generates from frictional 

losses since the latter is negligible [5, 32]. However, 

both the calculated and measured results of the 

meshing efficiency of the POM PLGP indicate that 

the frictional losses are extremely small. Thus, 

there is no significant temperature rise compared 

to other types of POM gear pairs during the low 

power meshing process. The meshing efficiency of 

POM involute gear pair is around 93% when 

rpm
1

300 n   and N mm
2

1,000 T    [33], that of POM 

sine-curve gear pair is around 94% when 


1

n rpm300  and N mm
2

1,000T    [33], but that of 

POM PLGP is higher than 99% when rpm
1

300 n   

and N mm
2

500 T   . 

 

    
Fig. 14  Comparison between measured and calculated meshing efficiency. 



Friction 9(6): 1420–1435 (2021) 1433 

∣www.Springer.com/journal/40544 | Friction 
 

http://friction.tsinghuajournals.com

This paper focuses on the meshing efficiency of 

POM PLGP under normal use which mainly correlates 

to load, rotational speed, and misalignment. It should 

be noted that significant wear and deformation 

may occur on the tooth surfaces under a long-term 

operation that increases the relative sliding between 

the meshing surfaces, leading to frictional losses and 

temperature rise. Therefore, the effect of temperature 

must be considered in further studies of wear and 

fatigue failure of POM PLGP under long-term 

operation. For higher precision of the meshing 

efficiency calculation, the effects of the manufacturing 

errors of tooth surfaces must be considered in 

building the geometric and mechanical models of 

plastic LG pair.  

6  Conclusions 

Taking POM PLGP as an example, this paper 

proposed calculation methods and formulas for 

the friction coefficient and meshing efficiency of 

plastic LG pair under dry friction conditions. The 

main conclusions can be summarized as follows: 

1) From the results of the ball-on-disk experiment, 

it was found that the friction coefficient of the 

POM specimens varied with the average contact 

pressure and relative sliding velocity, and ranged 

between 0.35 and 0.45 under the experimental 

conditions studied. 

2) The calculated meshing efficiency is almost in 

coincidence with measured meshing efficiency, 

which validated the feasibility of the calculation 

methods and formulas for the friction coefficient 

and meshing efficiency of POM LG pair under dry 

friction conditions. 

3) The study can serve as a reference for the 

calculation of the friction coefficient and meshing 

efficiency of plastic gear pairs under dry friction 

conditions. It also provides a basis for future studies 

of the wear calculation and lifetime prediction of 

plastic LG pairs. 
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