
THERMO-FLUID DYNAMICS OF TWO-PHASE 
FLOW 



THERMO-FLUID DYNAMICS OF 
TWO-PHASE FLOW 

Authored by 

MAMORU ISHII 
Purdue University 

TAKASHIHIBIKI 
Kyoto University 

^ Springer 



Mamoru Ishii 
Schoo1 ofNuclear Engineering 
Purdue University 
1290 Nuclear Engineering Bui1ding 
West Lafayette, IN 47906 
U.SA 

Takashi Hibiki 
Research Reactor Institute 
Kyoto University 
Noda, Kumatori, Sennan 
Osaka 590-0494 
Japan 

Thermo-fluid Dynamics ofTwo-phase F10w 

Library ofCongress Contro1 Number: 20055934802 

ISBN 0-387-28321-8 
ISBN 9780387283210 

ISBN 0-387-29187-3 (eBook) 
ISBN 9780387291871 (eBook) 

Printed on acid-free paper. 

© 2006 Springer Science+Business Media, Inc. 
All rights reserved. This work may not be translated or copied in who1e or in part without 
the written permission ofthe pub1isher (Springer Science+Business Media, Inc., 233 Spring 
Street, New York, NY 10013, USA), except for brief excerpts in connection with reviews or 
scho1ar1y analysis. Use in connection with any form of information storage and retrieva1, 
e1ectronic adaptation, computer software, or by simi1ar or dissimi1ar methodo10gy now 
known or hereafter deve10ped is forbidden. 
The use in this publication of trade names, trademarks, service marks and simi1ar terms, 
even if they are not identified as such, is not to be taken as an expression of opinion as to 
whether or not they are subject to proprietary rights. 

Printed in the United States of America. 

9 8 765 432 1 SPIN 11429425 

springer.com 



Dedication 

This book is dedicated to our parents. 



Table of Contents 

Dedication v 

Table of Contents vii 

Preface xiii 

Foreword xv 

Acknowledgments xvii 

Part I. Fundamental of two-phase flow 

1. Introduction 1 
1.1. Relevance of the problem 1 
1.2. Characteristic of multiphase flow 3 
1.3. Classification of two-phase flow 5 
1.4. Outline of the book 10 

2. Local Instant Formulation 11 
1.1. Single-phase flow conservation equations 13 

1.1.1. General balance equations 13 
1.1.2. Conservation equation 15 
1.1.3. Entropy inequality and principle of constitutive law 18 
1.1.4. Constitutive equations 20 

1.2. Interfacial balance and boimdary conditions 24 
1.2.1. Interfacial balance (Jump condition) 24 



viii Thermo-Fluid Dynamics of Two-Phase Flow 

1.2.2. Boundary conditions at interface 32 
1.2.3. Simplified boundary condition 38 
1.2.4. External boundary condition aad contact angle 43 

1.3. Application of local instant formulation to two-phase flow 
problems 46 

1.3.1. Drag force acting on a spherical particle in a very slow 
stream 46 

1.3.2. Kelvin-Helmholtz instability 48 
1.3.3. Rayleigh-Taylor instabiUty 52 

Part II. Two-phase field equations based on time average 

3. Various Methods of Averaging 55 
1.1. Purpose of averaging 55 
1.2. Classification of averaging 58 
1.3. Various averaging in connection with two-phase flow 

analysis 61 
4. Basic Relations in Time Averaging 67 

1.1. Time domain and definition of functions 68 
1.2. Local time fi-action - Local void fraction 72 
1.3. Time average and weighted mean values 73 
1.4. Time average of derivatives 78 
1.5. Concentrations and mixture properties 82 
1.6. Velocity field 86 
1.7. Fundamental identity 89 

5. Time Averaged Balance Equation 93 
1.1. General balance equation 93 
1.2. Two-fluid model field equations 98 
1.3. Diffusion (mixture) model field equations 103 
1.4. Singular case of t;^=0 (quasi-stationary interface) 108 
1.5 Macroscopic jump conditions 110 
1.6 Summary of macroscopic field equations and jump 

conditions 113 
1.7 Alternative form of turbulent heat flux 114 

6. Connection to Other Statistical Averages 119 
1.1. Eulerian statistical average (ensemble average) 119 
1.2. Boltzmann statistical average 120 

Part III. Three-dimensional model based on time average 

7. Kinematics of Averaged Fields 129 
1.1. Convective coordinates and convective derivatives 129 



ThermO'Fluid Dynamics of Two-Phase Flow ix 

1.2. Streamline 132 
1.3. Conservation of mass 133 
1.4. Dilatation 140 

8. Interfacial Transport 143 
1.1. Interfacial mass transfer 143 
1.2. Interfacial momentum transfer 145 
1.3. Interfacial energy transfer 149 

9. Two-fluid Model 155 
1.1. Two-fluid model field equations 156 
1.2. Two-fluid model constitutive laws 169 

1.2.1. Entropy inequality 169 
1.2.2. Equation of state 172 
1.2.3. Determinism 177 
1.2.4. Average molecular diffusion fluxes 179 
1.2.5. Turbulent fluxes 181 
1.2.6. Interfacial transfer constitutive laws 186 

1.3. Two-fluid model formulation 198 
1.4. Various special cases 205 

10. Interfacial Area Transport 217 
1.1. Three-dimensional interfacial area transport equation 218 

1.1.1. Number transport equation 219 
1.1.2. Volume transport equation 220 
1.1.3. Interfacial area transport equation 222 

1.2. One-group interfacial area transport equation 227 
1.3. Two-group interfacial area transport equation 228 

1.3.1. Two-group particle number transport equation 229 
1.3.2. Two-group void fraction transport equation 230 
1.3.3. Two-group interfacial area transport equation 234 
1.3.4. Constitutive relations 240 

11. Constitutive Modeling of Interfacial Area Transport 243 
1.1. Modified two-fluid model for the two-group interfacial area 

transport equation 245 
1.1.1. Conventional two-fluid model 245 
1.1.2. Two-group void fraction and interfacial area transport 

equations 246 
1.1.3. Modified two-fluid model 248 
1.1.4. Modeling of two gas velocity flelds 253 

1.2. Modeling of source and sink terms in one-group interfacial 
area transport equation 257 

1.2.1. Source and sink terms modeled by Wu et al. (1998) 259 
1.2.2. Source and sink terms modeled by Hibiki and Ishii 

(2000a) 267 



Thermo-Fluid Dynamics of Two-Phase Flow 

1.2.3. Source and sink terms modeled by Hibiki et al. 
(2001b) 275 

1.3. Modeling of source and sink terms in two-group interfacial 
Area Transport Equation 276 

1.3.1. Source and sink terms modeled by Hibiki and Ishii 
(2000b) 277 

1.3.2. Source and sink terms modeled by Fu and Ishii 
(2002a) 281 

1.3.3. Source and sink terms modeled by Sun et al. (2004a) 290 
12. Hydrodynamic Constitutive Relations for Interfacial Transfer 301 

1.1. Transient forces in multiparticle system 303 
1.2. Drag force in multiparticle system 308 

1.2.1. Single-particle drag coefficient 3 09 
1.2.2. Drag coefficient for dispersed two-phase flow 315 

1.3. Other forces 329 
1.3.1. Lift Force 331 
1.3.2. Wall-lift (wall-lubrication) force 335 
1.3.3. Turbulent dispersion force 336 

1.4. Turbulence in multiparticle system 336 
13. Drift-flux Model 345 

1.1. Drift-flux model field equations 346 
1.2. Drift-flux (or mixture) model constitutive laws 355 
1.3. Drift-flux (or mixture) model formulation 372 

1.3.1. Drift-flux model 372 
1.3.2. Scaling parameters 373 
1.3.3. Homogeneous flow model 376 
1.3.4. Density propagation model 378 

Part IV. One-dimensional model based on time average 

14. One-dimensional Drift-flux Model 381 
1.1. Area average of three-dimensional drift-flux model 3 82 
1.2. One-dimensional drift velocity 387 

1.2.1. Dispersed two-phase flow 387 
1.2.2. Annular two-phase Flow 398 
1.2.3. Annular mist Flow 403 

1.3. Covariance of convective flux 406 
1.4. One-dimensional drift-flux correlations for various flow 

conditions 411 
1.4.1. Constitutive equations for upward bubbly flow 412 
1.4.2. Constitutive equations for upward adiabatic annulus and 

internally heated annulus 412 



Thermo-Fluid Dynamics of Two-Phase Flow xi 

1.4.3. Constitutive equations for downward two-phase flow 413 
1.4.4. Constitutive equations for bubbling or boiling pool 

systems 413 
1.4.5. Constitutive equations for large diameter pipe 

systems 414 
1.4.6. Constitutive equations at reduced gravity conditions 415 

15. One-dimensional Two-fluid Model 419 
1.1. Area average of three-dimensional two-fluid model 420 
1.2. Special consideration for one-dimensional constitutive 

relations 423 
1.2.1. Covariance effect in field equations 423 
1.2.2. Effect of phase distribution on constitutive relations 426 
1.2.3. Interfacial shear term 428 

References 431 

Nomenclature 441 

Index 457 



Preface 

This book is intended to be an introduction to the theory of thermo-fluid 
dynamics of two-phase flow for graduate students, scientists and practicing 
engineers seriously involved in the subject. It can be used as a text book at 
the graduate level courses focused on the two-phase flow in Nuclear 
Engineering, Mechanical Engineering and Chemical Engineering, as well as 
a basic reference book for two-phase flow formulations for researchers and 
engineers involved in solving multiphase flow problems in various 
technological fields. 

The principles of single-phase flow fluid dynamics and heat transfer are 
relatively well understood, however two-phase flow thermo-fluid dynamics 
is an order of magnitude more complicated subject than that of the single-
phase flow due to the existence of moving and deformable interface and its 
interactions with the two phases. However, in view of the practical 
importance of two-phase flow in various modem engineering technologies 
related to nuclear energy, chemical engineering processes and advanced heat 
transfer systems, significant efforts have been made in recent years to 
develop accurate general two-phase formulations, mechanistic models for 
interfacial transfer and interfacial structures, and computational methods to 
solve these predictive models. 

A strong emphasis has been put on the rational approach to the derivation 
of the two-phase flow formulations which represent the fundamental 
physical principles such as the conservations laws and constitutive modeling 
for various transfer mechanisms both in bulk fluids and at interface. Several 
models such as the local instant formulation based on the single-phase flow 
model with explicit treatment of interface and the macroscopic continuum 
formulations based on various averaging methods are presented and 
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discussed in detail. The macroscopic formulations are presented in terms of 
the two-fluid model and drift-flux model which are two of the most accurate 
and useful formulations for practical engineering problems. 

The change of the interfacial structures in two-phase flow is dynamically 
modeled through the interfacial area transport equation. This is a new 
approach which can replace the static and inaccurate approach based on the 
flow regime transition criteria. The interfacial momentum transfer models 
are discussed in great detail, because for most two-phase flow, thermo-fluid 
dynamics are dominated by the interfacial structures and interfacial 
momentum transfer. Some other necessary constitutive relations such as the 
turbulence modeling, transient forces and lift forces are also discussed. 

Mamoru Ishii, Ph.D. 
School of Nuclear Engineering 

Purdue University 
West Lafayette, IN, USA 

Takashi Hibiki, Ph.D. 
Research Reactor Institute 

Kyoto University 
Kumatori, Osaka, Japan 

September 2005 



Foreword 

Thermo-Fluid Dynamics of Two-Phase Flow takes a major step forward 
in our quest for understanding fluids as they metamorphose through change 
of phase, properties and structure. Like Janus, the mythical Roman God 
with two faces, fluids separating into liquid and gas, each state sufficiently 
understood on its own, present a major challenge to the most astute and 
insightful scientific minds when it comes to deciphering their dynamic 
entanglement. 

The challenge stems in part from the vastness of scale where two phase 
phenomena can be encountered. Between the microscopic «a«o-scale of 
molecular dynamics and deeply submerged modeUng assumptions and the 
macro-scdXQ of measurements, there is a meso-scdXt as broad as it is 
nebulous and elusive. This is the scale where everything is in a permanent 
state of exchange, a Heraclitean state of flux, where nothing ever stays the 
same and where knowledge can only be achieved by firmly grasping the 
underljdng principles of things. 

The subject matter has sprung fi'om the authors' own firm grasp of 
fundamentals. Their bibliographical contributions on two-phase principles 
reflect a scientific tradition that considers theory and experiment a duality as 
fundamental as that of appearance and reality. In this it differs from other 
topical works in the science of fluids. For example, the leading notion that 
runs through two-phase flow is that of interfacial velocity. It is a concept 
that requires, amongst other things, continuous improvements in both 
modeling and measurement. In the w^^o-scale, this gives rise to new science 
of the interface which, besides the complexity of its problems and the 
fuzziness of its structure, affords ample scope for the creation of elegant, 
parsimonious formulations, as well as promising engineering applications. 
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The two-phase flow theoretical discourse and experimental inquiry are 
closely linked. The synthesis that arises from this connection generates 
immense technological potential for measurements informing and validating 
dynamic models and conversely. The resulting technology finds growing 
utility in a broad spectrum of appUcations, ranging from next generation 
nuclear machinery and space engines to pharmaceutical manufacturing, food 
technology, energy and environmental remediation. 

This is an intriguing subject and its proper understanding calls for 
exercising the rigorous tools of advanced mathematics. The authors, with 
enormous care and intellectual affection for the subject reach out and invite 
an inclusive audience of scientists, engineers, technologists, professors and 
students. 

It is a great privilege to include the Thermo-Fluid Dynamics of Two-
Phase Flow in the series Smart Energy Systems: Nanowatts to Terawatts, 
This is work that will stand the test of time for its scientific value as well as 
its elegance and aesthetic character. 

Lefteri H. Tsoukalas, Ph.D. 
School of Nuclear Engineering 

Purdue University 
West Lafayette, IN, USA 

September 2005 
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