
Undergraduate Texts in Mathematics 

Springer Science+Business Media, LLC 

EdilOrs 

s. Axler 

F. w. Gehring 

K. A. Ribet 



Undergraduate Texts in Mathematics

Anglin: Mathemat ics: A Concise History
and Philosophy.
Readings in Mathematics.

AnglinlLambek: The Heritage of
Thales .
Readings in Mathematics.

Apostol: Introduction to Analytic
Number Theory . Second edition .

Armstrong: Basic Topology.
Armstrong: Groups and Symmetry .
Axler: Linear Algebra Done Right.

Second edition .
Beardon: Limits: A New Approach to

Real Analysis .
Bak/Newman: Complex Analysis.

Second edition .
Banchoff/Wermer: Linear Algebra

Through Geometry . Second edition.
Berberian: A First Course in Real

Analysis.
Bix: Conics and Cubics : A
Concrete Introduction to Algebraic
Curves .
Brernaud: An Introduction to

Probabilistic Modeling .
Bressoud: Factorization and Primality

Testing .
Bressoud: Second Year Calculus .

Readings in Mathematics.
Brickman: Mathematical Introduct ion

to Linear Programming and Game
Theory.

Browder: Mathematical Analysis:
An Introduction .

Buskes/van Rooij: Topological Spaces:
From Distance to Neighborhood.

Callahan: The Geometry of Spacetime :
An Introduction to Special and General
Relavitity.

Carter/van Brunt: The Lebesgue
Stieltjes Integral: A Practical
Introduction

Cederberg: A Course in Modem
Geometries .

Childs: A Concrete Introduction to
Higher Algebra . Second edition.

Chung: Elementary Probability Theory
with Stochastic Processes . Third
edition .

Cox/Little/O'Shea: Ideals, Varieties,
and Algorithms . Second edition .

Croom: Basic Concepts of Algebraic
Topology .

Curtis: Linear Algebra: An Introductory
Approach . Fourth edition.

Devlin: The Joy of Sets: Fundamentals
of Contemporary Set Theory .
Second edition .

Dixmier: General Topology .
Driver: Why Math?
Ebbinghaus/Flum/Thomas:

Mathematical Logic. Second edition.
Edgar: Measure, Topology, and Fractal

Geometry .
EIaydi: An Introduction to Difference

Equations. Second edition.
Exner: An Accompaniment to Higher

Mathematics.
Exner: Inside Calculus .
FinelRosenberger: The Fundamental

Theory of Algebra .
Fischer: Intermediate Real Analysis.
Flanigan/Kazdan: Calculus Two: Linear

and Nonlinear Functions . Second
edition .

Fleming: Functions of Several Variables .
Second edition.

Foulds: Combinatorial Optimization for
Undergraduates.

Foulds: Optimization Techniques: An
Introduction.

Franklin: Methods of Mathematical
Economics .

Frazier: An Introduction to Wavelets
Through Linear Algebra.

Gordon: Discrete Probability .
HairerlWanner: Analysis by Its History.

Readings in Mathematics.
Halmos: Finite-Dimensional Vector

Spaces. Second edition .
Halmos: Naive Set Theory .
Hammerlln/Hoffmann: Numerical

Mathematics.
Readings in Mathematics.

Harris/Hirst/Mossinghoff:
Combinatorics and Graph Theory .

Hartshorne: Geometry : Euclid and
Beyond.

Hijab: Introduction to Calculus and
Classical Analysis .

(continued after index)



James G. Simmonds

A Brief on
Tensor Analysis

Second Edition

With 28 Illustrations

Springer



James G. Simmonds 
Department of Applied Mathematics 
University of Virginia 
Charlottesville, VA 22903 
USA 

Editorial Board 

S. Axler 
Mathematics Department 
San Francisco State 

University 
San Francisco, CA 94132 
USA 

F.w. Gehring 
Mathematics Department 
East Hall 
University of Michigan 
Ann Arbor, MI 48109 
USA 

Mathematics Subject Classification (2000): 15-01, 15A72 

Library of Congress Cataloging-in-Publication Data 
Simmonds, James G. 

A brief on tensor analysis / James G. Simmonds. - 2nd ed. 
p. cm. - (Undergraduate texts in mathematics) 

Includes index. 
ISBN 978-1-4612-6424-8 ISBN 978-1-4419-8522-4 (eBook) 
DOI 10.1007/978-1-4419-8522-4 
1. Calculus of tensors. I. Title. II. Series. 

QA433.S535 1994 
515'.63-dc20 93-4693 

Printed on acid-free paper. 

© 1994 Springer Science+Business Media New York 
Originally published by Springer-Verlag New York, Inc. in 1994 
Softcover reprint of the hardcover 2nd edition 1994 

K.A. Ribet 
Mathematics Department 
University of California 

at Berkeley 
Berkeley, CA 94720-3840 
USA 

All rights reserved. This work may not be translated or copied in whole or in part without the 
written permission of the publisher (Springer Science+Business Media, LLC), except for brief 
excerpts in connection with reviews or scholarly analysis. Use in connection with any form of 
information storage and retrieval, electronic adaptation, computer software, or by similar or 
dissimilar methodology now known or hereafter developed is forbidden. 
The use of general descriptive names, trade names, trademarks, etc., in this publication, even 
if the former are not especially identified, is not to be taken as a sign that such names, as 
understood by the Trade Marks and Merchandise Marks Act, may accordingly be used freely 
by anyone. 

Production managed by Bill Imbornoni; manufacturing supervised by Vincent Scelta. 
Typeset by Asco Trade Typesetting Ltd., Hong Kong. 

9 8 765 4 

SPIN 10773338 



To the memory of my father,
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Preface to the Second Edition

There are three changes in the second edition. First, with the help of readers
and colleagues-thanks to all-I have corrected typographical errors and
made minor changes in substance and style. Second, I have added a few more
Exercises, especially at the end of Chapter 4. Third, I have appended a section
on Differential Geometry, the essential mathematical tool in the study of
two-dimensional structural shells and four-dimensional general relativity.

JAMES G. SIMMONDS
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Preface to the First Edition

When I was an undergraduate, working as a co-op student at North Ameri
can Aviation, I tried to learn something about tensors. In the Aeronautical
Engineering Department at MIT, I had just finished an introductory course
in classical mechanics that so impressed me that to this day I cannot watch a
plane in flight-especially in a turn-without imaging it bristling with vec
tors . Near the end of the course the professor showed that, if an airplane is
treated as a rigid body, there arises a mysterious collection of rather simple
looking integrals called the components of the moment of inertia tensor .
Tensor-what power those two syllables seemed to resonate . I had heard the
word once before, in an aside by a graduate instructor to the cognoscenti in
the front row of a course in strength of materials . "What the book calls stress
is actually a tensor . . . ."

With my interest twice piqued and with time off from fighting the brush
fires of a demanding curriculum, I was ready for my first serious effort at
self-instruction. In Los Angeles, after several tries, I found a store with a book
on tensor analysis. In my mind I had rehearsed the scene in which a graduate
student or professor, spying me there, would shout , "You're an under
graduate. What are you doing looking at a book on tensors?" But luck was
mine: the book had a plain brown dust jacket. Alone in my room, I turned
immediately to the definition of a tensor : "A 2nd order tensor is a collection
of n2 objects that transform according to the rule . .. " and thence followed an
inscrutable collection of superscripts, subscripts, overbars, and partial deriv
atives. A pedagogical disaster! Where was the connection with those beauti
ful, simple, boldfaced symbols, those arrows that I could visualize so well?

I was not to find out until after graduate school. But it is my hope that,
with this book, you, as an undergraduate, may sail beyond that bar on which
I once foundered. You will find that I take nearly three chapters to prepare
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x Preface to the First Edition

you for the shock of the tensor transformation formulas . I don't try to hide
them-they're the only equations in the book that are boxed. But long be
fore, about halfway through Chapter I, I tell you what a 2nd order tensor
really is-a linear operator that sends vectors into vectors. If you apply the
stress tensor to the unit normal to a plane through a point in a body , then
out comes the stress vector, the force/area acting across the plane at that
point. (That the stress vector is linear in the unit normal, i.e., that a stress
tensor even exists, is a gift of nature; nonlinearity is more often the rule.) The
subsequent "debauche des indices" that follows this tidy definition of a 2nd
order tensor is the result of exposing the gears of a machine for grinding out
the workings of a tensor. Abolish the machine and there is no hope of pro
ducing numerical results except in the simplest of cases.

This book falls into halves: Algebra and Calculus . The first half of the first
half (Chapter 1) emphasizes concepts. Here, I have made a special effort to
relate the mathematical and physical notions of a vector. I acknowledge my
debt to Hoffman's intriguing little book, About Vectors (Dover, 1975). (But
there are points where we differ-I disagree with his contention that vectors
cannot represent finite rotations.) Chapter 2 deals mostly with the index
apparatus necessary to represent and manipulate vectors and tensors in gen
eral bases. Chapter 3, through the vehicle of Newton's law of motion, intro
duces moving frames and the Christoffel symbols. To help keep the basic
kinematic ideas and their tensor generalizations in mind simultaneously, I list
a number of equations in dual form, a device that I have found successful in
the classroom. The last chapter starts with a homely example of the gradient
and builds to the covariant derivative. Throughout this chapter there are
applications to continuum mechanics. Although the basic equations (exclud
ing electricity and magnetism) were known by the 1850's, it was only under
the spur of general relativity that tensor analysis began to diffuse into this
older field. (In my own specialty, shell theory, tensor analysis did not appear
until the early 1940's, in the Soviet literature, even though the underlying
theory of surfaces and their tensor description had been central to the under
standing of general relativity.)

I have provided no systematic lists of grad , div, curl, etc. in various coor
dinate systems. Such useful information can be found in Magnus, Oberhet
tinger, and Soni, Formulas and Theorems for the Special Function s of Mathe
matical Physics, 3rd enlarged edition, Chapter XII, Springer-Verlag 1966; or
in Gradshteyn and Ryzhik, Tables of Integrals, Series and Products, 4th edi
tion, corrected and enlarged, Academic Press, 1980.

It is a happy thought that much of the drudgery involved in expanding
equations and verifying solutions in specific coordinate systems can now be
done by computers, programmed to do symbol manipulation. The interested
reader should consult "Computer Symbolic Math in Physics Education," by
D. R. Stoutemyer, Am . J. Phys ., vol. 49 (1981), pp. 85-88, or "A Review of
Algebraic Computing in General Relativity," by R. A. d'lnverno, Chapter 16
of General Relativity and Gravitation, vol. 1, ed. A. Held, Plenum Press, N.Y.
and London, 1980.



Preface to the First Edition xi

I am pleased to acknowledge the help of three friends: Mark Duva, a
former student, who, in his gracious but profound way, let me get away with
nothing in class; Bruce Chartres, who let me filter much of this book through
his fine mind; and Ernst Soudek, who, though not a native speaker, tuned the
final manuscript with his keen ear for English.

Finally, my thanks to Carolyn Duprey and Ruth Nissley, who typed the
original manuscript, and then with patience and good humor, retyped what
must have seemed to be hundreds of petty changes.

JAMES G. SIMMONDS
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